arXiv:1502.05070vl [math.DS] 17 Feb 2015 


RANDOM DYNAMICAL SYSTEMS FOR STOCHASTIC 
EVOLUTION EQUATIONS DRIVEN BY MULTIPLICATIVE 
FRACTIONAL BROWNIAN NOISE WITH HURST 
PARAMETERS H G (1/3,1/2] 

MARfA J. GARRIDO-ATIENZA, KENING LU, AND BJORN SCHMALFUSS 


Abstract. We consider the stochastic evolution equation 
du = Audt + G(u)dw , u(0) = uq 

in a separable Hilbert-space V. Here G is supposed to be three times Frechet- 
differentiable and w is a trace class fractional Brownian-motion with Hurst 
parameter H £ (1/3, 1/2]. We prove the existence of a global solution where 
exceptional sets are independent of the initial state no G V. In addition, we 
show that the above equation generates a random dynamical system. 


August 8, 2016 
1. Introduction 

This paper can be seen as the second part of an outgoing project whose main aim 
is to prove that stochastic evolution equations (SEEs) 

(1) du = Audt + G(u) du ;, u(0) = uo 

on a separable Hilbert-space V generate random dynamical systems. Our interpre¬ 
tation of the solution will be given in a mild form 

(2) u(t)=S(t)uo+ [ S(t — r)G(u(r))du){r) 

J o 

assuming that A is a negative operator that generates a semigroup S and G is 
sufficiently regular. Our purpose is to study this problem if ui is Holder-continuous 
on compact intervals [0, T\. If w is a regular trajectory, say u/ G Loo(0, T, V), then 
a classical formulation of the above problem is given by 

(3) u(t) = S(t)uo+ f S(t — r)G(u(r))u>'(r)dr. 

Jo 

If S is an analytic semigroup, under typical assumptions on G there exists a 
unique solution u G U 7 ([0, T]; V) if uq G D((—A)), where 7 G (0,1), whereas 
u G CV([0,T];V) if uo G V. This latter space is a suitable modification of the 
space of 7-Holder-continuous functions and will be introduced in Section 2. 
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So far, the existence of a local mild solution to 0 has been obtained in eh , as¬ 
suming that u o £ V. To be more precise, this solution is derived as the path 
component of a path-area solution pair (it, v ) of a system that considers not only 
the original equation but also a second equation, a natural extension of the area 
object (it ® w). This pair is related to the noisy path ui by the well-known 

Chen property. The method presented in HI! can be considered as a generalization 
of the one developed by Hu and Nualart [13] in the finite-dimensional setting, but 
with some important differences as that in the infinite-dimensional framework it is 
necessary to construct an area element, denoted by (u w), depending on w as 
well as the semigroup S, that satisfies nice properties. The considered (pathwise) 
integral in m was also previously introduced in m for ordinary differential equa¬ 
tion with Holder-continuous noise term. The reasons for which we have chosen 
such a pathwise integral will be detailed below. However, another definition to 
integrate against the fractional Brownian motion would be to consider the Rough 
Path Theory, see for instance i, 13 and the references therein. 

In the current paper we want to go one step further and establish the existence 
of a global solution to 0. In comparison to m , we here replace the regular 
initial condition of that paper by a less regular one, namely uq £ D((— H) K ) for 
suitable k > 0, and make a slightly modification of the phase spaces, but that still 
ensures the additivity of the pathwise integral. Then, under additional regularity 
conditions on G we prove the existence of a global solution to 0. Let us mention 
that the estimates of the different integrals defining the path-area formulation of 
our problem are quadratic, and therefore, in a first step we are only able to establish 
the existence of a local solution (u 1 , v 1 ) such that the path component u 1 is defined 
on a time interval [T 0 , 7j]. However, since in particular ir(Ti) also belongs to 
D((—A) k ) 7 we can pick it as a new initial condition, and hence we get a new 
solution (u 2 ,v 2 ) such that u 2 is now defined on a time interval [Xj,T 2 ]. Proceeding 
in a similar way, after a finite number of these steps one finally derives the existence 
of a global solution on [T 0 , T] for a given T > 0 provided that u 0 £ D{{— H) K ). The 
way in which we finally can establish the existence of a global solution is based in 
a concatenation procedure. Furthermore, this method also provides the existence 
of a global solution when uq £ V, since roughly speaking what one has to do is to 
concatenate the local solution obtained in m with the aforementioned global one. 

Once the existence of a global solution is solved, it is quite natural to study whether 
that solution generates a random dynamical, which turns out to be a powerful prop¬ 
erty to analyze the asymptotic behavior of the solution by using all the machinery of 
the random dynamical systems theory. The reader is referred to [T] for a complete 
description of that theory. 

The fact that an ordinary Ito-equation 

du = G(u)dw, it(0) = Mo £ R d 

where u> here is a finite dimensional Brownian motion, generates a random dynami¬ 
cal system is due to the flow property, see Kunita M- To obtain this flow property 
one needs to apply Kolmogorov’s theorem about the existence of a continuous ran¬ 
dom field with finite-dimensional parameter range. Scheutzow in |24| derived the 
existence of a random dynamical system from this flow property. 

Results on the existence and uniqueness for Ito-SEEs having as a state space an in¬ 
finite dimensional separable Banach-space are established in Da Prato and Zabczyk 
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[5]. The point is that, unfortunately, it is not known how to obtain stochastic flows 
for these Ito-SEEs, and the main reason is because it is not known how to extend 
Kolmogorov’s theorem to an infinite dimensional parameter range, which would be 
appropriate for dealing with SEEs. More precisely, solutions of SEEs are defined 
almost surely where the exceptional sets depend on the initial condition. But it is 
complicated to generate a random dynamical system if more than countable many 
exceptional sets may appear. Nevertheless, there are results getting the random 
dynamical system for SEEs with very special noise terms, either SEEs driven by 
additive noise or linear multiplicative noise. These special noises make it possible 
to transform such Ito-SEE into a pathwise evolution equation which is appropriate 
to generate a random dynamical system. 

The ansatz in this paper is quite different. Instead of considering the usual sto¬ 
chastic integral, for instance in the Ito sense, as we have previously mentioned we 
consider a pathwise integral which is well defined for any (3'- Holder-continuous in¬ 
tegrator (1/3 < /T) if the integrand is sufficiently regular. As we will explain below, 
this regularity can be described in terms of a modified space of Holder-continuous 
functions. Furthermore, by the choice of that integral the unique solution has path- 
wise character, which means we can avoid exceptional sets depending on the initial 
states and making possible to investigate whether it generates a random dynamical 
system. 

The article is organized as follows. In Section 2 we collect tools from functional 
analysis that will be applied later. In particular, we introduce analytic semigroups, 
special non-linear operators, tensor products and function spaces given by modi¬ 
fication of Holder-continuous functions. In Section 3 we at first define so called 
fractional derivatives allowing us define an integral with Holder-continuous inte¬ 
grator. In addition we give the main properties of such an integral. In Section 4 we 
define the mild-path area solution of an SEE. In particular, we formulate an oper¬ 
ator equation whose fixed point presents this kind of (local) solution, and mention 
an approximation result. In Section 5 we investigate how the local solution can 
be extended to any interval [0, T] by means of the concatenation method. For this 
type of solution we can avoid state dependent exceptional sets which then is the 
key to prove in Section 6 the existence of a random dynamical system generated by 
an SEE. Finally in Section 7 a stochastic partial differential equation is discussed 
as an example for an SEE generating a mild path area solution. 

2. Preliminaries 

In the following we denote by V, V or V separable Hilbert-spaces. Then as usual 
L(V , V) denotes the Banach-space of linear operators from V to V and L?.(y, V) is 
the separable Hilbert-space of Hilbert-Schmidt-operators from V to V. 

Let S be an analytic semigroup on V with generator A. —A is supposed to be 
symmetric, positive and have an inverse which is compact. Then —A has a discrete 
spectrum 0 < Ai < A 2 < • • • of finite multiplicity tending to + 00 . The associ¬ 
ated eigenelements (ej)jgN are written such that they form a complete orthonormal 
system of V. In addition, we can define the associated fractional powers of —A 
denoted by (—A) 5 , 5 £ R with norm |x|z}((-A) J ) := |(— A) s x\, see Pazy [22j Section 
2.6. We denote Vs = D((—A) 5 ). 

Collecting some properties of S we have that 
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Lemma 1. If T > 0, 0 < 5 < 7 , a — 9 £ [0,1], then there exists a c > 0 such that 
for t £ [0, T] 

(4) \\SmL { v s ^) = \\(-AysmL(v s ,v) < ct s ~\ 

(5) \\S(t) -id\\ L(y „,v 9 ) < ct a ~ e . 

From these two properties, one can easily deduce that for any v, pi £ [0,1], 0 < <5 < 

7 + v, 0 < p and T > 0 there exists a constant c > 0 such that for 0 < q < r < s < 
t <T we have that 

l|S(t - r) - S(t - q)\\ L ( Vs ,v y ) < c{r - q) v {t - r)~ v -~ /+s , 
l|S(i -r)- S(s - r) - S(t - q) + S(s - q)\\ L {v p ) 
<c{t-sY(r-qY{s-r)- {,y+ 

Denote by V ® V the separable Hilbert-space of tensor products of V, see Kadinson 
and Ringrose m- Moreover, for x, y € V the element (x®yy) denotes the rank-one 
tensor product. In particular, ((e* e j))i,jeN is a complete orthonormal system 
for V ® V if (ej)j e N is a complete orthonormal system of V. 

Consider a bilinear operator B £ L 2 (V x V, V) such that 

( 6 ) \B{ei,ej)\l < 00. 

Then it is possible to extend B to a linear continuous operator B £ L 2 (V ®V,V). 
More precisely, there exists a weak Hilbert-Schmidt-mapping p : V x V —>V®V 
such that p(ei, ej ) = (e* €j) and B is determined by factorization: B = Bp, and 

L 2 (V®V,V) := \B( e i ®v e j)ly = ^2 e l')ly = II B W L 2 (V X V,V )' 

i,j i,j 

For these properties we refer to [15j . In the following we will write for B the symbol 
of the original B. 

Let V be a subspace of V. Consider now G to be a Frechet-differentiable mapping 

V 5 G{u) £ L 2 (V,V) 

with derivative 

V£>u^ DG(u) £ L 2 (V, L 2 (V, V)) = L 2 {V x V, V), 
and therefore DG(u) can be interpreted as an element of L 2 (V <g> V, V). 

In what follows | • | represents the norm of V. 

Let us formulate some G. 

Lemma 2. Assume that the mapping G : V —> L 2 (V, V) is bounded and three times 
continuously Frechet-differentiable with bounded first, second and third derivatives 
DG{u), D 2 G{u) and D 3 G(u), for u £ V. Let us denote, respectively, by cg, 
cdg, cg 2 g andc^G the bounds for G, DG, D 2 G andD 3 G. Then, form, u 2 , vi, v 2 £ 
V, we have 

• II G 0i)IIl 2 (CV) — C G’ 
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• ||G(mi) - G(vi)\\ L2 ( V yj < cdg\ui - Vi\, 

• WDG^-DGMW^y^ < c D 2 G \ Ul -ui|, 

• ||G(wi) - G(u 2 ) - DG(u 2 ){u-l - U2)|| i2 (v,v) < c D 2g|mi - U 2 I 2 , 

• l|G(«i) - G(ui) - (G(u 2 ) - G{v 2 ))|| ( ^y } < c DG |ui - V! - (u 2 - u 2 )| 

+ C D 2 G \ui - u 2 \{\ui - Ul| + | u 2 - v 2 \), 


• || DG( Ul ) - DG{yi) - ( DG{u 2 ) - DG(v 2 ))\\ LAVxvV) 

< c D 2 G \ui - Vi - ( u 2 - v 2 )\ + c D 3 G \u\ - U 2 |(|m1 - Vi \ + \u 2 - v 2 \), 


• \\G(ui)—G(u 2 )—DG(u 2 )(ui—u 2 ) — (G(vi)—G(v 2 )—DG(v 2 )(vi—v 2 ))\\ L2 ^ v ,v) 
< C D 2 G (\ui - u 2 1 + |vi - v 2 \)\ui -vi- (u 2 - v 2 )\ 

+ C D 3 G \v 1 - V 2 \\u 2 - V 2 \(\ui - U 2 1 + \u\ - Vi - (u 2 - W 2 )|). 


The proof of these properties is standard. We refer partially to [2D], and for the 
last inequality to [13], page 2716. 

Let us introduce some function spaces. For j3 £ (0,1), denote by Cp([0,T\\V) the 
space of /3-Holder-continuous functions with seminorm 


sup 

0 <s<t<T 


K*) - ^ 0)1 

(t - s)P 


In this space we could consider the usual norm 


IMI/3 = IM|c + IIMH/3, with ||u|| c = sup |u(s)|. 

0 <s<T 

However, the above norm is to be equivalent to the norm given by |u(0)| + |||u|||^. 


A modification of the space of Holder-continuous functions is given by ([0, T ]; V) 

with norm 


IMk 


Me 


sup 1 

0 <s<t<T (t — S) p 


Lemma 3. C^^QO, T]; V) is a Banach-space. 
The proof can be found in Chen et al. [3]. 


For the following we suppose that 0 < /3 < /3' < 1/2. Let A 0 ,t be the triangle 
{(s, t) £ R 2 : 0 < s < t < T} and A 0 ,t its closure in R 2 . Denote by Cp+pi(Aa t T', 

V) the Banach-space of continuous functions defined on Ao,Tj that are zero for s = t 
and with norm 


IMI/3+/3' 


sup ll"(»;‘)ll 

0<s <t<T (t — sY+P 


< OO. 


A modification of this space is given by G^_|_ i g/ i ^(Ao,T; V ® V), consisting of con¬ 
tinuous functions v defined on Aq t T, that are zero for 0 < s = t, such that 


= sup S P 

0 <s<t<T 


INM)|| 

(t — s)P+P' 


< OO. 


IMI/3+/3' 
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These functions may not be defined for s = 0 and may have a singularity for 
(s,f), s = 0. Replacing V ® V by R an example for an element of this space is 
(s, t) i-)- s -/3 (t — s) 0+0 '. 

Lemma 4. The spaces Cp + p'(A 0 ,T',V <8> V), Cp + p',^(Ao t T',V ® V) are Banach- 
spaces. 


Proof. We consider only the second space. Let (K n ) ne pj, K n = A n -i t T be an 
increasing sequence of compact subsets of Ao,t such that (J n K n = Ao t T and let 
(^m)meN be a Cauchy-sequence on Cp+p/ : ~( Ao,t; V <g) V). We then have 


sup 

( s,t ) g K n 

S < t 


8 Ikm(M) - Vm'{s,t) || 1 

(t — s)P + P' — TP + P'nP 


sup ||u m (s,t) - v m >(s,t)\\. 
(s,t) e K n 

S < t 


Hence for any n G N we have that (r m )mEN is a Cauchy-sequence in K n such that 
there is a uniform limit v which is continuous on any K n and thus continuous on 
A 0 ,t- In addition, v(s, s) = 0 for 0 < s < T. 

Furthermore, there exists a c > 0 such that for all m G N and (s, t) G A 0 j t, s < t, 

.0 l|Vm(M)ll ^ . 

S -7 a I a7 ^ C 

(t-s)P+P ~ 

and by the convergence of v m (s,t) to v(s,t) we obtain 


s 


0 


(t - s)P+P‘ - 


such that v G Cp + p>^( A 0 ) t; V ® V). Now for any e > 0 and for m! > m > N(e) 
and (s,t) G Aq t r, s <t, we get 


p\\ v m{s,t) (s,t)|| 

s (t - s y+p' 


and thus for m' —> oo 

„ 0 \\vm{s,t) -v{s,t)\\ ^ 

(t - s y+p' - e 

which shows the convergence of (u m ) m eN to v in Cp+pi^{ Ao,t; V (g) R). 

□ 


3. Fractional pathwise integrals 


In this section we introduce a V-'valued integral where the integrator is not of 
bounded variation but Holder-continuous. This guides us an infinite-dimensional 
version of the Young-integral. For this purpose we introduce R-valued fractional 
derivatives. 


Let F, £ be sufficiently regular functions on [s, t\. For a G (0,1) we define the right¬ 
sided fractional derivative of order a of F and the left-sided fractional derivative 
of order 1 — a of £ t _(-) := £(•) — £(i), given for 0 < s < r < t by the expressions 


Df+F[r] 

A- Q 6-M 


1 ( F{r) 

T(1 — a) \ (r — s)‘ 

(-I) 1 '* 

F(a) 


a 


dq 


F(r) - F{q) 

(r - q) 1+a 

*£(*■)-£(<?) 


f^)-m r^-f q ) dq 

V(t-r) 1 “ ’Jr (q~r ) 2 “ . 


Here T(-) denotes the Gamma function. 
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The following theorem states regularity conditions on F, £ such that the Young- 
integral exists. 

Theorem 5. Assume f3 > a and a + /?' > 1. Let V. V be two separable Hilbert 
spaces with complete orthonormal bases (ei)igN and respectively. Let F £ 

Cp^([0,T\-L 2 (V,V)), £ £ Cp'([0,T];V) and assume 

r^\\Df + F[r]\\ L2( vf)\D}- a Zt-lr}\v 

is Lebesgue-integrable. Then for 0 <s<r<t<T we define 
f F{r)d£{r) := (-1)“ £ (E j‘ F ^)y V\D]Z a {.e u £ t _(-))v[r]dr) £j. 

3 1 

As a consequence, 

[ F(r)d£(r) <f \\Df + F[r]\\ L2{ y ir) \D 1 t Z°‘£,t-[r]\ydr < oo. 

J s v J s 

For the proof we refer to m- In particular, we have reduced the definition of this 
Hilbert-space valued integral to an infinite sum of one dimensional Young-integrals. 

Corollary 6. Under the assumptions of Theorem\5[ for any T > 0 there exists a 
c > 0 such that for any F £ T\; L 2 (V, V)), £ 6 Cg/QO, T]; V") and 0 < s < 

t < T 


F(r)f(r)dr 


< c(t — s) 


11-^11/3,~ < OO. 


Similarly, if F £ Cp([Q, T\; L 2 (V, V)), £ £ Cp> ([0, T]; V), then we get 


F(r)^(r)dr 


< c(t — s) ,3, |||^|||/3'(||I ? ||c + (t — s ) /3 |||-^III / 3)- 


Note that the first estimate is an immediate consequence of the fact that if F £ 
C>,4[0, T];L 2 (V, V)) with a + (3 > 1, and £ £ Cp'([ 0,T]; V) then 

\\ D s+F[ r \\\ L 2 (v,v) ^ 

\Dlz a ^-[r]\y<c\\\mp'{t-rf +a - 1 . 

The second inequality can be deduced in a similar way. 


If now we suppose that (3 < a then the assumptions of Theorem [5] does not make 
sense. To overcome this problem we have to consider a modification of the frac¬ 
tional derivatives introduced above. More precisely, we introduce a new fractional 
derivative for a special function F given by the integrand of our original problem 
©, so that we set F(t) = G(u(t )) where operator G satisfies the assumptions de¬ 
scribed in Lemma [2] In addition we set £ = w £ Cgfi f). T]\V) that will also satisfy 
the hypothesis (H3) of Section [4] 

Consider the compensated fractional derivative defined as 


Df + G(u(-))[r\ 


1 / G(u(r)) 


T(l-a) 


rv 


\(r — s)“ 

G(u(r)) - G(u(q)) - DG(u(q))(u(r) 



(r - q) 1+a 
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For tensor valued elements v : Ao,t —> V 0 V we define 
K,u (—l) 1_a / 


V 


F(a) 


( v ( r > t ) , n 


N2-a d g)- 


(9 - rf 

Below we clarify under which conditions these fractional derivatives are well defined. 
With these fractional derivatives in mind, if the pair (u, v ) satisfies the so-called 
Chen-equality, that is, for 0 < s < r < t 

(7) v(s, r) + v(r, t) + (u(r) - u(s)) (u/(t) - w(r)) = v(s, t ), 

then the definition of the (pathwise stochastic) integral for the current work is the 
following: 


( 8 ) 


G{u)dw :=(-l)“ / Df + G(u(-))[r)D^u t .[r]dr 

J S 

- {-I ) 20 - 1 


D 


lr lD G(u(-))[r]Dl= a Vll a v(-,t)[r]dr. 


Note that this definition is an infinite dimensional generalization of the concept of 
integral given in ISl- 

According to the previous definition, for the integrand of the integral on the left 
hand side we should rather write the term G v (u) instead of G(u ), but for the sake 
of simplification we keep G(u). Note that, however, for sufficiently regular lo this 
integral can be rewritten in the sense of Theorem [5] with F(t) = G(u(t)) if we 
replace v(s, t) by 

(9) (u<S> uj)(s,t) = f (u(r) — u(s)) dio(r), 

J S 

see also the beginning of the next section. 

For the existence of © we have the following result. 

Theorem 7. Consider 1/3 < /3 < 0 ' < 1/2, choose /3 < a < 2/3, a+(3' > 1, f3+ 1 > 
2a and assume that G satisfies the assumptions of Lemma\^ Then for T > 0 there 
exists a c > 0 such that for u £ Cp >r ^([0,T]; V), v £ Cp+pi^(Ao,T',V ® V), and 
to £ C'g/QO,T]; V ) such that |^) is fulfilled, for 0 < s < t < T 

rt 


G(u)du> 


< c^((l + M|, J||M||^ + (1 + \\u\\p^\\v\\p + p,^)(t - sf. 


Similarly, with the same choice of the parameters, if u £ Cp'([0,T];V), u £ 
Cp([0,T]',V) and v £ Cp+p'(Ao t T',V ® V) are coupled by |7p. then 

r t 


G{u)du> 


< ct p 


((l+i 2 ^|||u|||^)|||w||| / g'+(l+t 2p |||u||| i s||v|| 1 g-|- 1 g'+i 2/3 ||u||^ +i g/))(i—s) 


,2/3 


2/31 


Note that if u £ ^^([0, T]; V) then 


„ Cg + Cn2 G ||u||i 

\\ D s+ G ( u )[ r ]\\L 2 (v,v) <c ^ - 


and if u £ Cp([0,T\; V ) we get 


\\D sJr G{u){r\\\ L2 (yy) < c 


cg + c D 2 G {r - s) 2 P\\u\\ 2 p 


(r — s)“ 











RDS FOR SEES WITH FRACTIONAL NOISE 


9 


hence the first of the integrals defining m gives us a similar estimate than in 
Theorem [5] For the second integral we can use Theorem [5] directly replacing a 
by 2a — 1, G(it(r)) by DG(u(r )) defined on V <8 V and £(r) by T>lz a v(-,t)[r\. In 
particular, taking the Chen-equality and the regularity into account, in the first 
case we have 


8+0'+2a-2 





and in second case that 



The details of the proof of this theorem can be found in m- 


To finish this section, we want to emphasize that, in contrast to the classical Ito- 
integral which is defined as a limit in probability of Daboux sums with respect 
to the increments of a Brownian-motion, with the above definition there are no 
exceptional sets of probability which in general depend on the integrand. In this 
sense our integral is pathwise, allowing us to investigate whether the solution to 0 
generates a random dynamical system, see Section [Gj 


4. Pathwise local solutions of SEEs 

In this section we formulate a result about the local existence of solutions to £0 for 
a noise-path u> which is in C^/([0,T]; V), j3' £ (1/3,1/2). In particular we formulate 
conditions such that 0 has a local mild solution when the pathwise (stochastic) 
integral is defined in the sense of 0. For the proofs of the results given in this 
section we refer to Garrido-Atienza et al. m- These results generalize those of Hu 
and Nualart im to the case of a state space which is now an infinite dimensional 
Hilbert-space. 

If u) were (for instance) a trace class Brownian-motion, according to the theory of 
Da Prato and Zabczyk [5] the equation 0 would have a unique mild solution pro¬ 
vided that G and S satisfy weaker conditions than the ones formulated in the last 
section. The corresponding integrals for these equations would be defined in the 
Ito-sense, and this means that they would not be pathwise, which is an obstacle to 
generate a random dynamical system. In Maslowski and Nualart [20] these type of 
equations are solved by fractional techniques for /3'-Holder-continuous integrators 
with j3' > 1/2, where the integrals have been defined similarly to Theorem [5] allow¬ 
ing to introduce a random dynamical system, whose existence has been investigated 
recently by Chen et al. [4]. However, the integral as introduced in Theorem [5] is 
not well defined when the Hdider-exponent of the integrator is less than or equal 
to 1/2, which is the case that we aim to consider in this paper. 
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We interpret the solution to (0 as the first component of an element U = (u, v) 
that satisfies of the operation equation 



Note that to define 7i we have applied the definition given in ([8]). which makes 
necessary to set up and solve an equation for the second component v of U. In 
order to do that, we assume for a while that the driving path w is smooth enough, 
giving us the opportunity to know what is the suitable equation to be satisfied for 
the v component, to later make the adequate assumptions to translate the situation 
to the case of having a Holder-continuous driving path w with Holder-exponent 
/?' £ (1/3,1/2). Therefore, suppose that w is smooth, so that v is given by 0. For 
such a smooth ui, combining 0 with 0 we have 



Representing the appearing integrals in fractional sense we obtain 


( 10 ) 



For such smooth ui, the operator (w ®s ui) is given by 


( 11 ) 



In particular, (w <S>s w) satisfies the following Chen-equality 

E(u w)(s, r) + E{w w)(r, t) + (-l)~“w s (r, t)S u (s, r)E 
= E(u®s u)(s,t), 


where 



(12) 
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The different expressions in m and m are well-defined when w is regular, see 
El for details. 

Now let us come back to the original situation in which u £ C/ 3 '([ 0 , T]; V) for 
j3' £ (1/3,1/2). Denote by ui n a piecewise linear (continuous) approximation of 
w with respect to an equidistant partition of length 2 ~ n T such that u n (t) = oj(t) 
for the partition points t. For these uj n the operator (w„ w„) can be defined 

according to ED- 

We stress that we have to give to (uj0s lo) some meaning when ui is not smooth. To 
be precise, this meaning is formulated in the following Hypothesis (H), consisting 
in the following three assumptions: 

(HI) Let H £ (1/3,1/2] and let 1/3 < /3 < /3' < H. Suppose that there is an a 
such that 1 — j3 < a < 2 (3, a < ^r- 

(H2) Let A be the generator of an analytic semigroup S and let G : V —> LAV, V) 
be a non-linear mapping satisfying the assumptions of Lemma O with V CV such 
that the embedding operator is Hilbert-Schmidt. 

(H3) Let (w n ) ne N be a sequence of piecewise linear functions with values in V such 
that ((co n 0s w„)) raS N is defined by (flTT) . Assume then that for any /3' < H 

lim (w„, (uj n 0 s ui n )) = (w, (w® s w)) in C^/([0, T\; V)xC 2/ 3'{^o,t; L 2 {L 2 (V, V), V0V)). 

n—too 

The parameter H in the above assumption (HI) will represent the Hurst parameter 
of a fractional Brownian motion in Section [G] 

In the recent paper Garrido-Atienza et al. ma the authors propose two different 
settings where assumption (H3) is satisfied: the first one considers as driving noise 
a trace-class fractional Brownian-motion B H with H £ (1/3,1/2] and values in a 
Hilbert-space, whereas by another less restrictive method, the second one considers 
an infinite-dimensional trace-class Brownian-motion B 1 ^ 2 . 

Now we should realize that the structure of m is quite similar to the structure of 
71 when replacing w by (o o0s<jj) and v = (u0ui) by (u0 (u)®s<*>)). Furthermore, if 
we write w(t) = (u0 (co0soj)(t)), then w can be interpreted by fractional integrals 
as 

Ew(t,s,q)=- f Df + u s {-,t)E(u(-)-u{s),-)[r\D\z a u q -[ r }dr 

J S 

(13) + (-1 )*- 1 £ D^Eiui■) - u(s), .)[r]^I“2)Jz“( W s(t) ® w)[r]dr 

+ (-1r- 1 I'D 2 s «- 1 us(-,t)[r}ED 1 q I a V 1 q I'*v[r]dr 

J S 

where E G L 2 (V®V,V). In addition w satisfies a special form of the Chen-equality, 
see m- The previous considerations make possible to formulate an equation for 
the second component v of U given by 

v = r 2 (u) 

where the operator T 2 (U) is defined by (fill substituting (u 0 (w 0s oj)) by w, and 
w fulfills (fOl) . 
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In the sequel, we denote T(U) = {7i{U),72{U)). Sometimes we will write 
T(U,u, (to 0 S ui),u 0 ) = {Ti(U,u),u 0 ),T 2 (U,ui, (w®sw),m o)) 

to show the different ingredients in the operator. Furthermore, when this operator 
is defined on [s,T], for s > 0, instead of on [0,T], later we will denote it by T s ■ 
However, to simplify a bit the presentation, when the starting point of the interval 
is zero we drop the super-index off and simply write T. 

We look now for solutions of the operator equation 

U = T(U), 

that will be called mild path-area solutions to CD• In order to do that, we begin by 
introducing the phase space. Take a fixed w € C'g/QO, T]; V) and consider 7 such 
that a < 7 < 1. Denote by (Wo,t, || ■ ||iv) the subspace of elements U = (it, v) of the 
Banach-space Cp^([ 0, T];V)x Cp + p>^( A 0 ,t; V 0 V) such that the Chen-equality 
CD holds. Let us also consider a subset Wo,t of this space given by the limit points 
in this space of the set 

{(u n ,(u n 0uj n )) : n eN,u n e C 7 ([0,T];V), u n (0) £ 

(14) 

K, (w„ oj n )) satisfies (H3)}. 

Note that this set of limit points is a subspace of C f 3 ,~([ 0 , T]; V)xCp + p' ^{Aq,t',V<0 
V ) which is closed. Hence Wo.t itself is a complete metric space depending on u 
with a metric generated by the norm of C(g,~([0, T]; V) x Cp + p' i ^(A 0 ^T', V 0 V ): 

dw(U, U) = ||U - U\\ w = ||w - u\\p,~ + ||w - D|| p+p',~, 

for U, U G Wo ,t- In addition, elements U € Wo,t satisfy the Chen-equality m 
with respect to u>. 


Remark 8 . We would like to emphasize that the choice of the space Wq^t ensures 
the following additivity formula: 

r— r)G(u(r))du(r)+J S(t—r)G(u(r))du(r) = 

which is derived as a result of that the approximative integrals related to the space 
Wo,t enjoy such additivity property. As pointed out in im , for the original integral 
it is quite involved to show the additivity, which is necessary to prove the uniqueness 
of the local solution as well as and the Chen-equality for the solution of ©. 


s(t-r) r s{ 

Jo 


S(t—r)G(u(r))du(r), 


Let us mention some properties of T, see m for the proof: 

Lemma 9. Suppose (H) holds, (i) For two elements U = (u,v), U = (fi,fi) € Wo,t 
such that fi( 0 ) = uq £ V, fi( 0 ) = «o€ V: 

II T{U,w, (u> 0s w),fi 0 ) -T(U,uj, (w 0s u),u 0 )\\w 

<c|fi 0 - tiol + dT p \ 1 + l|t>H 2 w + \\U\\w)\\U - U\\ w , 

where the constant c depends on T, |||w|||^", ||| w lll^' an d ll( w 0 S w )l|2/3' for fl' < 
13" < H. 

(ii) Let U € Wo,t and assume that (w n , (w„ ®sw n )) satisfies (H3). Then 
lim || T(U,uj n , (u> n 0s w n ),«o) -T(U,uj, (u>0 s w),it 0 )||vy = 0. 

n—y 00 
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This convergence is uniform for U £ Wo,t contained in a bounded set. In addition, 
T(f/,w,(w ®sw),u 0 ) £ Wo.T- 

Next we establish the existence and uniqueness of a local mild solution as well as 
its regularity: 

Theorem 10. Assume the Hypothesis ( H). Then for any uq £ V and oj £ Cpt ([0, T]; V) 
there exists a time To > 0 such that 

U = T(U) 

has a unique mild path-area solution U° = ( u°,v °) £ Wo,t 0 - 

Let V = V K , then for 0 < t < Tq we have that u°(t) £ V K . In particular, 


(15) 


|u 0 CTo)k < 4 ^ + c(l + ||M|k)2f(l + \\U°\\ 2 w)- 
1 o 


In addition, we obtain a sequence (u°) ne N with limn^oo |u° — uq| = 0 such that 

lim |«°(T 0 ) - u“(T 0 )k = 0. 

n—too 

Proof. The first and third part of the statement have been proven in El and hence 
here we only prove the second one. Notice that for k > 0 and any t > 0 it holds 

\S(t)u 0 \v K < c^-. 

Now, we estimate the V^-norm of the integral term: 


/ 5(t-r)G(«°(r))du; = (-l)“ / D% + (S(t - .)G(u°(0))MA- w*-[r]dr 
JO Jo 

(-l ) 2 *" 1 f Dlr\S{t- .)DG(u 0 (-)))[r]D}l a V 1 t I a v°[r]dr 
Jo 

=: Ii(t) + hit). 

Consider a' > 0 such that (T + a > a' > a, then thanks to Lemma [2] 

||D 0 “ + (5(t-.)G( U °(-)))MIU 2 (^) 

(\\S(t-r)G{u°(r))\\ L2{ yyj f r \\(S(t - r) - S(t - q))G(u°(r))\\ L2{V y n) 


< c 




+ 


(r-q) 


Q! + l 


dq 


f 


l|5(t - q)(G(u°(r)) ~ G(u°(q)) DG(u°(q))(u°(r) - « 0 (ff)))|U a(V ;v^) 


(r-q) 


a +1 


dq 


< c 


^\\G{u°(r))\\ L2 (v,v K ) , f r (r-q) a '\\G{u°(r))\\ L2(V y K) 


dq 


r a Jo (t - r) a '(r - q) a+1 

||(G(w°(r)) - G(u°(q)) - DG(u°{q)){u°(r) - u°(q)))\\ La{v>Vii] 


(r-q) 


CX+l 


■dq 


< c 


CG 

ij-» cy. 


(t-Vio (r-q)«+i d< l + c ° 2 c\\u%^J o \ r l' q) a+i d <l 
1 


(r - q y 


(r-g) 2 V 2/3 


1 


<c(l + ||«l^)^- + ^- 7 pr“- 

Since trivially \D]z a Ut-[r]\ < c(t — r)^ ,+a_1 |||w||| j a/, for t > 0 we have 

\h(t)\v K < c||| W |||^'(l + \\u% t „) < C||| W |||^'(1 + II U°f w ). 












14 


MARIA J. GARRIDO-ATIENZA, KENING LU, AND BJORN SCHMALFUSS 


Similarly, we obtain 

-»2a-l (0(4. 


Do+~ (S(t - •)-DG(u u (-)))[r]|| L2( y j v K ) < c(^ 

f r ll(5(i - r) - S(t - q))DG(u°(r))\\ La{VtVlt) 

Jo ( r-q ) 2 “ 

f || S(t-q)(DG(u°{r)) - DG(u°(q)))\\ La{v>Vt 


f\\S(t-r)DG(u°(r))\\ LAV y K) 


dq 


(r-q) 


2a 


-dq 


< c 


(-JJJJt + Cdg [ (t-r) P (r-qf 2a dq + c D 2 G \\u°\\p^ [ 
\ r Jo Jo 


(r~ 


(r - q) 2 


-dq 


< c[r Y - 2a + (t- r)-Pr 0+1 - 2a + ||w°||^r 1 - 2a ). 

Since \\D]z a 'Dlz a v°[r]\\ < c(||z; 0 || ( a +j g' i ^ + ||'u 0 || / 3 ) ^|||w||| / 3 /)r _/3 (t - r )/ 3 +/ 3 '+ 2 “- 2 j for 
t>0we get 

\h(t)\v n <Ct P \l + IIMN/3'X 1 + \\U°f w ), 

and this concludes the proof. The second part of the proof follows similar by the 
same techniques proving Lemma IT2l □ 

Hence U° = (u°,v°) £ Wo,t 0 is the (local) mild solution to U = T(U) obtained in 
Theorem [THl We denote Iq = [0,T 0 ]. 


5. Pathwise global solutions to SEEs driven by a Holder path 


In this section we want to go one step further and present the existence of a global 
solution to ©. The key fact of this result will be that we can build a global solution 
provided that the initial condition is regular enough. Starting with the initial con¬ 
dition u o £ V, what we know according to Theorem flTil and in particular to (TT5jl . 
is that the corresponding local solution to 0 satisfies u°(T 0 ) £ V K . Therefore, in a 
second step we can pick precisely as initial condition u°(To) and construct the cor¬ 
responding mild solution, which will turn out to be global thanks to a concatenation 
procedure which will be described below. 

Throughout all this section, we take V to be the space V K , where the condition on 
k will be detailed below in the next results. 

To start with, we need to consider a new phase space: for oj £ 6 ) 3 '([0, T]; V), 
let {X 0 ■ T,|| • ||x) be the subspace of elements U = (it, v) of the Banach-space 
(7,8 ([0, T];V)xCp+pi( A 0 ,t; V®V) such that the Chen-equality 0 holds. Straight¬ 
forwardly Xq t has the norm 

\Mx = \\u\\p + \\v\\p + p' = \\u\\c + \\\U\\\ x , 

where 

lll^llk = IIMII/3 + Mp+P'- 

Let X 0 ,t be the (closed) subspace of X 0y r with elements U = (u, v) given by the 
limit points in Xq t of the set 

{(tin, (Un®w n )) : 71 £ N, u n £ C 1 ([0, T ]; V), u„(0) £ V K , 

(w„, (u; n 0s cj„)) satisfies (H3)} 

where a < 7 < 1 . Xq,t is a complete metric space with the metric 

dx(P, U) = ||U - U\\ x = \\u - u\\p + Ik - fill p+p> 
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for U, U £ Xq,t- Moreover, elements of this space satisfy the Chen-equality © 
with respect to u>. Note that in the space Xq.t the additivity of the pathwise 
integral holds in the same sense as in Remark [ 8 ] 

Consider now only elements of this space with fixed initial value u(0) = uo £ V K , 
then we obtain a complete metric space Xo,t.u 0 with metric 

(17) d x 0 , T ,uS U ' #) = \W U ~ U\\\x = |||u - fillip + ||u - v\\p+p>. 

We also use the notation uo to describe the constant function on [0,T]. Then 
Uo := (uo,0) £ Xg, t,u 0 an d 

d x 0 , T ,u 0 (UUo) = |||t/ - Uo\\\x = INHi + \\v\\p+p, = \\\U\\\ X . 

In particular, the closed ball in Xq ,t,u 0 with center Uq and radius R is given by 

B x 0 , t ,u 0 ( R ) = {U = M £ X 0 ,T, uo : \M\p + \\v\\p+p, = |||t/|||x < R}. 

In a similar manner we can define qualitatively the spaces Xf f . over intervals 
[T,T] and with respect to elements U = (u, 0), with u £ V K . 

The following two lemmas will play an important role to prove the existence of 
a global solution to © provided that the initial condition belongs to an adequate 
space V K . Their proofs are omitted since they are quite similar to the corresponding 
results when having an initial condition in V and U £ Wo,t, see El- 

Lemma 11. Suppose that Hypothesis (H) holds. Then for any 1 > k > /3 and any 
T > 0 there exists c > 0 such that for uo £ V K and U £ Xq,t,u 0 we have 

|||r(C/)|||x<c(T^(l+T^|||C/|||i) + T^K| y J, 

\Ti(U)(T)\v k < cT^( 1 + T^\\\U\\\ 2 x ) + \uo\v K . 

The constant c depends on T, |||w|||^' and ||(w w)|| 2 / 3 '- 

Let us only point out that, by Lemma [TJ the map t K > S(t)uo is /3-Holder- 
continuous, which is necessary to estimate the ZT-norm of 'T. More precisely, we 
have 

lll'S’OHHU < t k -p\u 0 \ Vk . 

Lemma 12 . Suppose that Hypothesis (H) holds. 

(i) For any 1 > k > fj and any T > 0 there exists c > 0 such that for U = 
(u,v), U = (u,v) £ Xq,t with u(0) = uo £ V K , u(0) = uq £ V K , we have 

III TiU) - T(U)\\\x < cT^(1+T^(\\\U\\\ 2 x + |||f/||||-))(|«o - uo\v« 

+ \\\U-U\\\x)+T k -P\uo-u 0 \ Vk 

and 

\Ti(U)(T) - Ti(U)(T)\ Vk < cT /3'(i +tW{\\\U\\\ 2 x + |||tf||&))(|u 0 - fiok 

+ |||?7 — U\\\x) + c\u 0 — «o|v«- 

(ii) Let U £ Xq.t and assume that (w„, (u> n ®su n )) satisfies (H3). Then 

lim |||T(?7,a; n , (w„ w„), wo) - T(/7, w, (w w),ito)|||x = 0 . 

n—too 

This convergence is uniform for U £ Xq ,t, uq £ V K contained in a bounded set. 
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Proof. We only give an idea of the proof of the first inequality of (i), which is based 
of the different estimates for G coming from Lemma [ 2 ] 

Trivially, |||iS(-)&o — 5 '(-)wo |||/3 < T k ~P\uq — uq\v k - Denoting A u = u~ u, 

||G(£((r)) - G{u{r))\\ La(y ,v K ) < c DG {\u(r) - u 0 - u{r ) + u 0 | + N - u 0 |) 

|zi(r) - u(r) - ( u(q ) - u(q ))\, , _ „ ^ 
-- T p + |«o - «o |) 

= c DG (\\\Au\\\pTP + |u 0 - m 0 |) < cc D g{\\\Au\\\pTP + |u 0 - «o|vJ 

and similar for DG[u{r)). Note that the last inequality above is a consequence of 
the continuous embedding V K C V. Moreover, thanks to Lemma [2] we get 

\\DG(u(r)) - DG{u{r)) - (DG(u(q)) - DG(u(q)))\\ La <y,v ,) 

<c D2G \\\Au\Mr qf + cc D3G (\\\Au\\\^ + - ugkXINILs + \M\p)(r - qf 

and 

||G(w(r)) - G(u(q)) - DG(u(q))(u(r) - u(q)) 

- (G(w(r)) - G{u(q)) - DG{u(q))(u(r) - u(q)))\\ La (v,v K ) 

< cd 2 g(HNII/ 3 + |||M||| j a)|||AM||| j a(r — <?) 2/3 

+ cc D 3 G |||m|||^(|||Am|||^ + |fi„ - uo\vM\u\\\e + |||fi||U)(r - q ) 2p . 

□ 

In particular, when U, U £ -X"o,T,tJo> the first inequality of Lemma 1121 Ci) becomes 

(18) |||T(G) - T{U)\\\x < cT 0 '-^(1 + T 20 (\\\U\\\ 2 x + |||17||&))|||?7 - U\\\ x . 

We can also consider T on other time intervals, that is, defined on intervals [s,T] 
where s > 0 . Indeed, replacing Xo,t by X s ,t these operators satisfy the same 
estimates as T stated in Lemma [TT] and Lemma 1121 As we already said in Section 
3, we denote these operators by T s . 

In what follows we describe how to construct a global solution to our equation on 

[0, Tl- 

Iii a first step, we shall focus on proving the existence of a solution belonging to 
X TqTu where T 0 was defined in Theorem HU1 We would like to mention that 
even though the above estimates of T contain squared expressions, it is possible 
to construct solutions defined in adequate small time intervals [Tj_i,Tj], namely, 
solutions belonging to for suitable initial conditions, to further 

these solutions be joined together to form a whole solution in X TqTu l. The choice 
of the starting point in each step will be clear in the construction of the solution. 
To prove the existence of these solutions we apply Lemma [Tl] and Lemma Q2] on 
any of the intervals [Tj_i,Tj]. Note that the appearing constant c in these lemmas 
depends on those intervals, on the [}'-norm of ui in [Ti_i,Ti] and on the 2/3'-norm 
of (ui 0s w) with respect to However the following results show that we 

can choose a larger constant independent of those intervals, and only depending 
on the given number T and the norms of u>, (u> 0s w) with respect to [0, T], Aq,t, 
respectively. In addition, c will be chosen large enough so that we also take the 
construction of the local solution given in Theorem 1101 into account. 

The way in which we join together these pieces of solutions is described in general 
as follows: 


< c DG ( sup 

V 0 <q<r<T 
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Definition 13. For 0 < a < b we consider the concatenation U = (u,v) of elements 


U 1 = (u 1 

,n 1 ) £ X a ^ with u 1 (a) £ V K 

(or U 1 = (u 1 ,!; 1 ) £ Wa jfe 

with u ^a) 

£ V) 

and U 2 = 

(u 2 ,v 2 ) £ Xb.c, with u 2 (b) = 

t /, 1 (fo) j defined by: 



u(t) = | 

u 1 ^) : a < t < b 

u 2 (t) : b <t < c 





[ v 1 {s,t) 


: a < s < 

t < b 

v(s,t) = 

1 v 2 (s,t) 


: b < s < 

t < c 


[ (it 1 ^) - u 1 (s)) (w(t) - 

ui(b)) +v 1 (s,b) +v 2 (b,t) 

■ s < 

b <t. 


Note that in the previous definition v has been defined according to the Chen- 
equality. ft is straightforward to check that U satisfies the Chen-equality and 
U £ X a , c (or U £ W a ,c when U 1 £ W a .b with n 1 (a) £ V). For a proof of a similar 
statement see Lemma ITT! below. 


In the next result we present the existence and uniqueness of a first piece of solution 
U 1 = (u 1 ,!; 1 ) £ X Tq Ti U i, with initial condition Ug £ V K . 

Later on, we will take Ug = u°(Tg) where we remind that U° = ( u°,v° ) denotes the 
solution to <[ 2 |) in Wo,t 0 with initial condition ug £ V, see Theorem fTIIl 


Theorem 14. Assume Hypothesis (H) holds, and that n + ft' > 1, k < 1. Then 
for any Ug £ V K there exists a small enough T± > Tg depending on the data such 
that U = T T ° ( U ) has a unique mild solution U 1 = (u 1 ,?; 1 ) £ X TqTiU i. 

Proof. Define \ug\v K =■ Po- Let us consider K(pg) > 1 such that for K > K(p 0 ), 
the following relations are fulfilled: 

po + 2cK~ 01 < K 1 -?', 

4 ( ?K- p ’- p {K p - K K 1 - p ' +K p ~ p> ) < 1 , 

cKW(l + 2K~ 2 P(8c 2 K 2 P~ 2k K 2 ~ 2 P' + 8 c 2 K 2 ^')) < 1 

cK ~+ cK- 0 '- 2p (Sc 2 K 2p - 2K -K 2 - 20 ' + 8 c 2 K 20 ~ 2fi ') < 2cK~ p '. 


Note that pg < K 1 13 and that the last three inequalities are true due to the 
assumption k + j3' > 1 and (HI). 

In what follows we prove that (fl9l) ensures that T t ° maps a ball B; (Ri) into 

T 0 ,T llU l 

itself and it is a contraction on it, for To given in Theorem 1101 for a small enough 
Ti and for an appropriate radius R±. In particular, let us take T\ = Tg + ATi where 
ATi = K~ 3 . Then, by Lemma fill we have 


|||T([/)|||x To , Ti < c(ATr%o + A T?-P + ATf +/3 


X' 


T 0 , T 1 > 


Hence, to find a ball B (f?i) that will be mapped into itself we calculate the 
minor root R\ of the quadratic equation 

( 20 ) x = c(AT 1 K_/3 po + A + A Tf' +/ V) 

which, according to Sohr [2J] Page 349, is given by 
2c(AT 1 K/ 3 p 0 + A Tf' /3 ) 


Ri ■= 


l + 4c 2 AT 1 /3 ' + ^(AT 1 k_/ 3 / 9 0 + ATf' _/3 ) 


< 2c(ATf- p p 0 + AT° ~ p ). 
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This root is well-defined due to the definition of AT± and the first and second 
inequality of (1191) , since these conditions in particular imply that 

1 - 4c 2 AT 1 /3 ' +/3 (AT 1 K_/3 po + Alf' _/3 ) > 0. 

Note that if U G Bx , (f?i), then 

yl T 0 ,T 1 , u l'- 

ll|C/|||x To , Tl < R\ < 8c 2 AT^- 2 %l + 8c 2 ATf- 20 , 

and thanks to (fTSl) we obtain that T is a contraction on By (Bi) if 

T o. T i.“o 

cATf'-^(l + 2AT 2/3 (8 c 2 AT 1 2k_2 ^ / Oq + 8c 2 AT 2/3 ' _2/3 )) < 

The previous relation follows from the first and third inequality of (1191) . 

To see that T(By i )(f?i) £ X ToTl ,- u .J we approximate an element U = (u, u) G 

By (f?i) by a sequence (u„, (u n 0u n )) from (| 161) . We note that 7i((u n , (u n 0 
T 0' T 1 ,u 0 

U} n )),u] n ,u n ( 0))(0) = u n (0) G V K and Ti{{u„,(u n 0 w„)), w„, u„(0)) G C 7 ([0, T]; V) 
for any 7 G (0,1), see Pazy (55] Theorem 4.3.1. Therefore 72 ((«„, (« n ®w„)), w n , (w n ®g 
w n ),u„(0)) can be defined as (7i(u„, (u„®w n )),w n ,u„(0))®w n ) given by ©. The 
previous considerations mean that T{{u n , ( u n 0 w„)u; n , u n (0)) 0 oj n ) belongs to the 
set (fl 6 l) . Now it suffices to use the first inequality of (i) and (ii) in Lemma [T51 to 
ensure that T(U,u, (to 0s w),xto) G X Tq Ti u i. 

Therefore, we obtain that T t ° has a fixed point U 1 = (u 1 ,!; 1 ) G By (BA 

■^To.Ti.uJ 

Furthermore, by Lemma [lT] and the first and last inequality of (fl9l) . we get 

< cAlf (1 + AT 2 / 3 |||(7 1 |||| ToiTi ) + Kk 

(21) < cATf' + cATj 8 ,+ 2 / 3 ( 8 c 2 AT 2 k- 2 / 3 / 9 q + 8 c 2 AT 2/3 ' _2/3 ) + p 0 

< 2cAlf' + po < iF L-/3 '. 


□ 


We want to point out that in the previous result it has been crucial to use the 
seminorm ||| • |||jc instead of the norm || • || jc . If we had used directly the norm then 
we would not have found an appropriate K fulfilling (1191) . 


Up to now, we have obtained the existence of a local solution U 1 = (m 1 ,^ 1 ) G 
X To uj with initial condition uj G V K , that is, we have found a solution whose 
path component it 1 is defined on the interval I\ = [Xo,Ti] for Ti = Tq + -U. Now 
we would like to repeat the same arguments than in Theorem [14] in time intervals 

h = [Ti, T 2 ] - Pi, Ti + ^], . Ii := [TW, Ti\ = [!)_,, Tj_ x + ^], 

for i = 2, • • • , ** for appropriate i*, see Theorem 1151 

Theorem 15. Let T > 0 be some number. Suppose that (H) holds andn + fi’ > 1, 
k < 1. Suppose also that Uq G V k is given by u°(Tq ) = 71((u° ,v°),u!,uo)(Tq), uq G 
V, see Theorem m Then there exist i* intervals [To,Ti], ■ • • 7**] where 

T ^-1 < T < Ti * such that on any of these intervals 

U l = r Ti_1 {IP, u, (w w), n i_ 1 (Ti_i)) 
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has a unique solution U 1 = ( u l ,v l ) £ -^T i _ 1 ,Ti,u < -i(T i _ 1 v Therefore, each of these 
local solutions can be approximated by the classical solutions Ulf = ( u l n , ( u l n ® w n )) 
that satisfy 

U l n = (Wn W„),<- 1 (T l _ 1 )). 

Proof. The proof consists of applying an induction procedure, with starting step 
given in the proof of Theorem 1141 In order to do that, assume the following gener¬ 
alization of the assumption (1191) : K(po) > 1 is such that for K > K(po) and i £ N 
the following inequalities arc fulfilled 


po + ^2c(Kj) 0 '<p o + 2cK 0 ' -^ i 1 0 ' < (AT ) 1 /3 ', 
j= 1 

4c 2 (J£*)- /3 '- /3 ((AT) /3 - K (Js:i) 1 -^ + (Ki) 0 ~ 0 ') < 1, 

( 22 ) , , , i 

c(Ki) 0 ~ 0 (1 + 2(Ki)~ 20 (8c 2 (Ki) 20 ~ 2K (Ki) 2 ~ 20 + 8 c 2 (Ki) 20 ~ 20 )) < ±, 
c(Ki)~ 0 ' + c(Ki)~ 0 ' ~ 20 (8c 2 (Ki) 20 ~ 2k (Ki) 2 ~ 20 ‘ + 8c 2 (Ki) 20 ~ 20 ') 

< 2c(Ki)~ 0 '. 

Once again, we stress that these inequalities hold due to the condition k + ft' > 1. 
Assume that we have obtained pieces of local solutions A 1 = (u 1 ^ 1 ) £ Xr 0 l Ti,tt°(T 0 ), 
W- 1 = (u*- 1 ,^- 1 ) £ X T ._ 2 T ._ ltU i- 2 (Ti_ 2 ) such that 

i-1 

(23) |u i - 1 (T i _ 1 )|v K < po + X] 

3 =1 

for j = 2, 3, • • •, and Tj_i < T. Note that (l23l) is nothing but the generalization of 
the property (l2ll) . Now we give some details of how to obtain the next local solution 
U l = we set 1) = Xj_i + AX,, AX) = (Ki)~ x if X$ < T, and T) = X in other 

case. Then, by the first inequality of (1^|) we know that |u l_ 1 (Xj_i)| y K < (Ki) 1-0 . 
Following the steps of Theorem [14l (l22l) together with the Banach fixed point theo¬ 
rem ensure the existence of a local solution Z7* = (u l , v z ) £ (RA 

which is unique, where IX is the minor root of ( 1201 ) when replacing po by ( Ki ) 1- ' 3 
and AXl by AX,;. In addition, (E3l) and the first inequality and the last one of C^l) 
imply 


K(X;)k < cA^'(l + A^|||t/||| 2 fTi _ i Ti ) + | u i - 1 (X i _ 1 )|v„ 

< cAxf' + cAT 0 ' +20 (8c 2 AT 2k - 20 AT? 0 '- 2 + 8c 2 AT 20 '~ 20 ) + (X"i_i)| 

i— 1 i 

< 2c(Ki)- 0, +P0 + J2 2 c (Kj)~ 0 ’ = ]T 2c(Kj)~ 0, + p 0 < (Ki) 1-0 ’. 

3= 1 j=l 


Since JT(zXT) 1 = oo there is an i* £ N such that X,. A X = X. 
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Finally for the convergence observe that 

WlK-u^Wx 

=\\\T Ti - 1 (Ui l ,u> n ,(uj n ® s w n ),«jr 1 (Ti- 1 ))-7^-H^,w,(o;®sa;),u|r 1 (r i _ 1 ))||| x 
<111 T^-^Uiun, {u n ®s - T 7 ^ 1 (17’, w„, (w„ ®s w„), u i - 1 (T i _ 1 ))||| A 

+ lll ^ Ti_1 ( w n <*>„), U i_ 1 (Ti_ 1 )) — T 7 * -1 (U^,uj, (w ®s w), U i_ 1 (Tj_ 1 ))|||x 

+ll|T Ti - 1 (I^ I W, (w w), u i_ 1 (T i _ 1 )) - T Ti - 1 (U\oj, (w ® s w), U i - 1 (T l _ 1 ))||| A -. 

Now we can apply Lemma fl2l to estimate these terms: 

\\\K - U^Wx < cAlf "*(1 + 2Arf lll^llliOK- 1 ^-!) - u i " 1 (T i _ 1 )|v K 

+cAT?- f> \utr 1 (T i - 1 ) - u 1 - 1 [Ti-i)\v K 

+cATf'- /3 (l + AT^(\\\Uf\\\ 2 x + |||C/i||l-)lll^ - U l \ ||x. 


For the solution t/ I_1 on the interval [Tj_ 2 ,Ti_i] we can assume that |uJ l _1 (Tj_i) — 
u l - 1 (T i _i)|y K tends to zero, which gives the convergence of the first and second 
terms. This is also true for U° considered in Section 4. The convergence of the 
third expression follows by Lemma 1121 (ii). For the last expression, we mention 
that Uf satisfies similar a priori estimates as £/*, which follow by Lemma [TTI In 
particular, thanks to (H3) the constant c for Iff which depends on ui n , (w n ®s w n ) 
can be chosen very close to the constant for U l , and therefore |||f7£||| A is very close 
to 111C/* 111 As: such that 


cAlf "*(1 + AT^(\\\W n \\\ 2 x + |||C/ l ||||-)) < g 

where q < 1. Summarizing we find the desired convergence, since \\Uf — U l \\ x is 
equivalent to 


+ \\\U l n - IPWlx 

which can be estimated by |u^(Tj_i) — u*(Tj_ i)|y R + \\\U^ — U r \\\ x , and this sum 
goes to zero. 

□ 


Then we can prove the following result: 

Lemma 16. The iterated concatenation U = (u,v) of U l = ( u l ,v t ) for i = 
0,1, - • • ,i* (in the sense of Definition mi is such that U € C^,~([0, T]; V) x 

C/3+/3',~(Ao,t; V ® V). 


Proof. Given (s,t) € Ao,t we know that 

Ti.-i <s<T ie <-< T it _i <t<T it 
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where /q = TjJ and so on. By an iterated application of the Chen-equality 

we get 

v(s, t) =v ia (s, T ia ) + v i ‘ +1 {T is , T ia+1 ) + ■ ■ ■ + v* 

+ {u l3 (T ia ) - «'•(«)) ® y (u(t) - u>(T ia )) 

+ (u ia+1 (T ia+ i) - u ia+1 (T ia )) ® v (w(i) - u(T ia+1 )) 

+ (u?*- 1 {Ti t _i) - ix i ‘- 1 (T lt _ 2 )) ®y (w(i) - 

Now taking the || • ||-norm, applying the triangle inequality, multiplying the expres¬ 
sion by / ( t — sf+f 3 and taking the supremum for 0 < s < t < T we obtain 

IMI/3+/3',- <||n°||/3+/3',-,A /o + ||«°||/3,~,/o||M||/3',[0,T] 

i* i* 

+ ^ E \\v l \\p +/3 > t ^ h + t 13 y:ilKHk/JIMIk[0,n < °°- 

i—1 i=1 

Moreover, for the first component of U we get 
u{t) — u(s) =u lt (t) — u la (s) 

=(« it (t) - + (uHtu- o - + ■•• 

+ (w is (r is )-^( s )) 

and therefore 

< ||m°||/3,~,/o + E sup |u l (t)| + T 13 E |||w*|||/3,J i 

i=l i=1 

< ll«°ll/Wo + E l« i ( r i-i)lv„ + E llkllkh- 

2=1 2=1 

Note that in the last expression we have estimated sup t6 [ Ti l T i |it*(t)| in terms of 
|u l (T i _i)|y K and |||m*|||/3. □ 

Lemma 17. 77ie iterated concatenation U = ( u,v ) of U l = ( u l ,v l ) /or ? = 
0,1,--- , z* (in the sense of Definition \lt]\) verifies U £ Wo,t- 

Proof. Since U l £ (and U° £ Wo,t 0 ) there exists Uf = (u l n , (u l <g) 

uj) such that u l n £ C 7 ([0,T]; V), with u l n {Ti- 1 ) G V K , (cv n , (to n w„)) fulfilling 
(H3), such that 

(24) lim (u z n ,u l n ®u n ) = (u\v l ) in Cp{Ii\ V) x C'^+^(A/ i ; V ® V), 

n—>oo 

see (fhll) . When * = 0, taking u°(0) G D((—A)), 

lim (u°,w° <g» w„) = {u°,v°) in Cp^(I 0 ;V) x Cp + p> ^(A Io ;V ® V). 

n—>• oo 

Moreover, thanks to Theorem [16] we can choose for these approximating sequences 
the classical solutions 

( u n> u n ® w n) = = 7” (U n , ( w ra w n)j u n(7i—l))- 

Furthermore, according to Definition 1131 we can consider the concatenation U n = 
(u„, v n ). Then u n can be seen as the classical solution to @ driven by the piecewise 
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linear continuous path oj n on [0,T]. It is easy to see that u n £ Cj 3 ,~([ 0 , T]; 17), and 
by the smoothness of w n 

v n {s,t) = {u n ® w n )(s,t) = / (u n (r) - u n (s)) ® v dw n 

J S 

such that XJ n satisfies the operator equation 

(25) U n — 'T{U n ,UJ n , {uj n ® S bJn) i I^n(O)) 

on [0,T] where (ii„(0))rc.eN tends to Uq in 14 Let us show that 

(26) lim \\U n — U\\ w = 0, 

n—> oo 

which in particular implies that U £ Wo,t- To this end, let us focus on the norm 
of the difference of area components. In fact, similarly to the proof of Lemma [TUI 
we have 

Ik “ ^n||/3+/3',~ <|k° - f°||/3+/3',~,A/ 0 + ||u° ~ Un 11/3,~,7 0 111 1 'A 11/3',[0,T] 

+ ll u nll/3 ) ~,Iolll a; n — W III/3',[0,T] 

i* i* 

+ T P Y, lk i -<ll^qA Il +^Elll u< -<IM^IIMIk [ o,r| 

1=1 i= 1 

i* 

+ T^||K|| kj ,||K - wllkq^T], 

i=l 

so it suffices to take into account the convergence properties of the beginning of 
this lemma to conclude that v n — > v in Cp+p/ l ^(Ao i T, V ® V). In a similar way we 
obtain 

lim ||u„ - u|U ^ = 0. 

n—too 

□ 

Finally, we can state the global existence result when starting with a initial condi¬ 
tion in V: 

Theorem 18. Suppose Hypothesis (H) holds, and that k + (3' > 1, k < 1, and 
uo £ 14 Then there exists a unique global solution U = (it, u) £ Wo.t to T{U) = U. 
Therefore, the path component u is a global solution to H|). 

Proof. By Theorem [lUJ we obtain the existence of a (local) mild solution U° = 
(u°,v°) in VFo,t 0 for some To > 0. A key feature at that point is that the path 
component evaluated in the final instant belongs to a more regular space, since the 
solution satisfies that it 0 (To) £ 14, see Theorem fTOl 

Then taking uj = it°(To) £ 14 as initial data, we can construct U l = (u l ,v l ), 
i = 1, ■ • • ,i* according to TheoremflSl that later on will be all concatenated turning 
into U = (it, u). This U belongs to Wq.t thanks to Lemma [T71 In order to finish 
the proof we check that 


(27) 


U = T{U,u,{w®sw),uq). 
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This relationship follows since by Lemma [9] (i) 

\\T{U,u, (ui ®s v),u 0 ) - T(U n ,uj n ,(uj n (jj n ), u n (0))||vy 
<\\T(U,u, (u w),M 0 ) - T(U n ,U), (w®s w),u 0 )||vf 
+ II T(U n ,UJ, (w(8)s U]),U 0 ) - T(U n ,U) n , (u n ®s Un),U 0 )\\w 
T ||7~(£/n, ^ni (a^ri ^n)i Ho) 'T (Gn, UJ nj (uj n CM n ), U n (0)) || \y 
<cT^'(l + \\U\\ 2 W + \\U n \\ 2 w )\\U - U n \\ w 
+ ||T(t/ n ,W,(w(g)sw),Mo) ~ T(U n ,U n ,(u n ®S <*>„), U 0 )\\w 

+ | M 0 - Un (0)|* 

From (l^Sl) and Lemma EE (ii) we can conclude that the right hand side of the last 
inequality tends to zero due to the fact that (||f7n||w)neN is bounded. Hence (E71) 
follows from (l25l) and (l26l) . This mild path-area solution is unique in Wo t, see 

m- □ 


6. RANDOM DYNAMICAL SYSTEMS 

In this section we prove that © generates a random dynamical system. The fact 
that a stochastic differential equation generates a random dynamical system allows 
to use a huge machinery to investigate qualitative properties of such an differential 
equation. We refer to the monograph by Arnold [1]. 

We consider a metric dynamical system (fi, J 7 , P, 9) where (H, J 7 , P) is a probability 
space and 9 is a B{ R) ® J 7 , ^-measurable flow on that is: 

Bo = idn, 9 t 9 s = 6 t+s , t.seM. 

Definition 19. Let V be some topological space. A random dynamical system over 
the metric dynamical system P, 9) is a £>(R + ) ® ® B(V), B(V)-measurable 

mapping such that the cocycle property holds 

<p(t,uj,x ) = ip(t - t, 9 t lo, ip(r,u>, uq)), ip(0,uj,u o ) = u 0 , 

for all t > t £ R + , uo £ V and uj £ Ll. 

For our application we will choose for V the Hilbert-space introduced in Section [2] 
A metric dynamical system is a model for a noise and in this paper we are interested 
in a fractional noise in V of trace class. Given a probability space and H £ (0,1), 
a continuous centered Gaufiian-process /3 H (t), t £ R, with the covariance function 

E(3 H (t)fd H (s) = \(\t\ 2H + \s\ 2H -| t- s\ 2H ), t, s £ R 

is called a two-sided one-dimensional fractional Brownian-motion (fBm), and H 
is the Hurst-parameter. Let Q be a positive symmetric operator of trace class 
on V, i.e., try Q < oo, with positive discrete spectrum (< 7 i)ieN and eigenelements 
(/i)ieN- For simplicity, we assume that /,; = ey Then a continuous V-valued 
fractional Brownian-motion B H with covariance operator Q and Hurst parameter 
H is defined by 

OO 

B H (t) = t £ R, 

i— 1 

where (/3f (t)) i& ^ is a sequence of stochastically independent one-dimensional fBm. 
It is known that the canonical probability space (Co(R, V), B(Cq(R, V)), Fh, 9) is 
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a metric dynamical system where P h is the fractional GauB-measure with Hurst- 
parameter H G (0,1) and determined by Q , and Co(R, V) is the space of continuous 
paths in V with value zero at zero. We restrict this metric dynamical system to 
the set Q of ^"-Holder-continuous paths on [—to, m] for any to G N and for 1/3 < 
(3' < j3" < H < 1/2, and equip this set with the u-algebra T := S2 D H(Co(R, V )) 
and restrict P h to this new domain. For 0 we take the Wiener-shift given by 

0£ca(-) = u?(* -\~ t) — ca(f), t G M, c o G If. 

The set SI G £?(Co(R, F)), it has full measure and it is 0-invariant. Moreover, the 
quadruple (SI, J 7 , P#, 0) is a metric dynamical system. For details we refer to [1], 

U ° r El- 

Note that above, in the definition of SI, we have picked a new parameter f3" such that 
1/3 < f3' < f3" < H < 1/2. By assumption (H3) we can obtain a set SI satisfying 
this regularity condition. The reason to introduce this f3" condition follows from 

[TT] and [TO| . 

We would like now to apply the pathwise character of the integral given in Section[3] 
to prove the existence of a random dynamical system generated by the mild solution 
to m■ For this purpose we have to modify (H3), allowing to treat equations driven 
by an fBm. 

Let C( A, L 2 (L 2 (F, V k ), V ® V)) be the separable Frechet-space of continuous func¬ 
tions defined on A = {(s, t) G R 2 : s < t} with values in L 2 (T 2 (^ V K ), V ®V). 

(H3') There exists a J 7 , B(C( A, L 2 (L 2 (F, V K ), Fcg>F)))-measurable random variable 
(w 0 s u) having the following properties: 

(i) There exists a 0-invariant set of full measure S2 G J 7 such that for any r G I we 
have that 

(w 0S Cj)(t + -, T + •) = (0 T U> 0S 0 r w)(-, •). 

(ii) For any to G N and u contained in a full set SI' C !1 we have 


lirn (w„,(w n 0 s u n )) = (w, (w0 s w)), in Cp* ([—to, to]; V)xC 2 p' (A_ m m ; L 2 (L 2 (F, V), V®V)). 

n—>oo 

From now on, outside the invariant set fT we dehne the elements (w, (w 0 sw)) = 0. 

Note that the first part of this hypothesis holds when considering w to be a path of 
a fBm with H G (1/3,1/2], see [TO] Theorem 16. In fact, we can prove that there 
exists a strongly stationary version of (w 0 s w) which is indistinguishable to the 
version stated in m Theorem 1 with respect to H, that we denote by the same 
symbol, and such that 

(0 r W 0S 0rW)(-, •) = (w 0S w)(- T T, • T t). 

In particular, the 0-invariance of Cl follows easily by Lederer m and Kiimmel [TS] . 

By Deya et al. |7j we have that for any to G N all conditions from (H3) hold if we 
replace the interval [0,T] by [—to,to] with respect to a 0-invariant set. 

On the other hand, the relationship of (H3') (i) also holds if we replace w by w„. 

Then on a full set C Cl for r G K we have that 

(u} n 0s w n )(- + r, • + t) - (w 0s w)(- + r, • + r) = ( 0 T u> n 0s 0 T u) n ) - (0 T w 0 S 0 t lo). 
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Hence the left side converges iff the right side converges. But the left side converges 
to zero on C (A_ m)TTl ) for any m £ N iff 

(iO n ®S Wn)(y) - (w ®S w)(-, •) 

tends to zero. Thus we have the convergence of the right hand side on the 0-invariant 
set f V of full measure. 

On the other hand, from Theorem [18] we know that for any T there exists a unique 
solution U with respect to the domain [ 0 , T], Ao,t- We may extend this solution to 
K + , Ao,oo- In particular, take T = T n = n, then the pair (u(t),v(s,t)) is given by 
the solution U with respect to [0,n], Ao, n where t < n. By the uniqueness result, 
the restriction of a solution from [0,T], Ao,t to [0, T'], Ao,t', T’ <T is a solution 
on the later domain. Hence this extension makes sense. 

Theorem 20. Assume (H1)-(H2) and (H3'). LetU = (u,v) be the solution from 
Theorem, 1 1 81 extended to R + , Ao,oo for uj £ Q! with initial condition uo £ V. Then 
u generates a random dynamical system on x Q' x V. 

Proof. Since the restriction of 17 to [0, T\, A 0 ,t is in Wq.t, it follows that the integral 
71(17) is additive. Hence U = (u,v) restricted to [t, T], A r ,r solves 

U = T t (U,uj, (uj w),71(17, w, (uj uj),u 0 )(t)) 

uniquely for r > 0, u £ ff and uq £ V. Setting 

(28) <p(t,uj,u 0 ) ■= Ti(U,ui,(u! 05 ui),uo){t) = u(t) 
we obtain the cocycle property if 

(29) 71(17, uj, (uj uj), u 0 )(t) = Ti(U r , d T u>, (9 t uj 0 s 0 T uS), u(r))(t - t) 

where U T (s, t) = (u T , v T )(s, t ) = (u(r + t),v(r + s, r + t)). Note that because u, v 
and uj are connected by the Chen property 0 , the same holds for u T , v T and 9 t uj. 
For the classical evolution equation © we get 

(30) 

T\((u n (-), K 0 UJ n )(-, ■)), V n , (uj n 0S UJ n ), U n (0))(t) 

= 77 ((u„(-), (u n ® £*;„)(•, ( U} n 0s uj n ), u n (T))(t - t) 

= 71 ((«„(■ +r), (u n 0 w„)(- + T, • +T)),0 T w n , (0 r w„ 0s Q T w n ),u n (T))(t - r) 

— 71 ((n n (• + t), (iXn (* T t) 0 0r UJji) (', ‘) ); 9 T UJ n , {9 T UI n 0S 9rUJn), (T )) (t *0 

for every cj £ because 

K)'(' +t) = (9 T uj n )'(-). 

Note that in the last formulas we could omit (9 T uj n 0s & T uj n ) because the classical 
solutions are independent of this term. Moreover, above we have used that the 
72 -component given by (u n <S>oj n ) (see ©) has the property 

(u n 0 w n )(- + r, ■ + t) = (u n (- + t) 0 9 r UJ n )(-, •)• 

Therefore, since U £ Wo,t, the convergence conclusion of Theorem [Ill which holds 
for every ugff independently of uq, applied to the left and right side of (1301) yields 
(l29l) . and therefore the cocycle property is established for <p. 

Now we deal with the measurability of p. Consider (l28l) replacing (uj, (uj uj)) by 
(uj n , ( uj n 0s uj n )). The mapping uj H > uj n is T 7 , ^-measurable for every n £ N and 
hence the mapping u ; (w n ®jw n ) is T 7 , B(C( A, L 2 (L 2 (V, V K ),V0 V))-measurable. 
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Let U n = ( u n ,v n ) be the solution for parameters (w„, (cu n ®s oo n )). Then u n is the 
classical solution to (0 (and v n = (u n ® uj n )). Hence for the first component of U n 
we have that 

[0,T] X X V 9 (t,LU,Uo) l-A u n {t) £ V 

is measurable with respect to £>([0, T]) g) T® However from (B^l) that 

Wo t ~ lim U n = U 

’ n—foo 

and hence for the first components of U and U n we have for every t £ [0, T] 


lim u n {t) = u(t) 

n—>oo 


which gives the measurability of u(t) with respect to T ® B{V). By the fact that 
u(t) is continuous in t , see Castaing and Valadier, Chapter III [3], we obtain by C51) 
the H([0,T]) ® F ® B(V), £>(H)-measurability, that is, measurability restricted to 
[0, T], Considering an increasing sequence (T n ) e pj, T n > 0 with limit oo and setting 


Unit) 


uit) : t < T n 
uiT n ) : t > T n , 


then u n is £>(K + ) ® F® S(H), H(H)-measurable and for any (t, w, Uq) the mapping 
u n converges to the first component u of the extended solution U. Hence is 
H(R + ) ® T ® B(V), H(H)-measurable. 

□ 


Remark 21. There is another way to prove that the path-area solution generates 
a random dynamical system which is based on Kager and Scheutzow m ■ In partic¬ 
ular gives us the random flow property for the u-component of the path-area 
solution. The conditions of [HI Theorem 4 to generate a cocycle from a (semi)flow 
are fulfilled. The measurability condition (in’) in that article follows (for instance) 
because Tf is a pointwise limit of the classical solution having these measurability 
properties, (v’) is due to the continuity of t i— » Tf(t) and (iv’) follows from the 
additivity of the pathwise integral and the continuous dependence of T on the initial 
condition. 


7. Example 

Let us assume that A is generated by the Laplacian on O = (0,1) with homogenous 
Dirichlet boundary condition. A with domain D(—A) = H 2 (0) HH^O) generates 
a semigroup in L 2 (0) . Let p = 1/4 + e, e > 0, small. Then V := D{(—A) p ) consists 
of the Slobodetski spaces H 2p (0) satisfying the homogeneous boundary conditions, 
see Da Prato and Zabczyk [5], Page 401. In particular, the continuous embedding 
V C C(6) holds. In what follows we consider the restriction of the semigroup S 
to the space V. Note that the inequalities 0 and 0 continue being true, and 
that (A~ p ei)j £ N is an orthonormal basis of V where (Ai)iew is the spectrum of A 
and (ej)jgN are the associated eigenelements of A with respect to L 2 (0), which are 
uniformly bounded in LodO). The asymptotical behavior of the spectrum is given 
by A i ~ i 2 . 

Lemma 22. For p £ (1, 5/4) 

D((-A) p ) = H 2p (0) n Hl(0). 
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Proof. On H 2 ^(0) fl Hq(0) we know that A = Abdbc which is an isomorphism 
with range H 2lJ, ~ 2 (0), see Egorov and Shubin | 8 |, Page 124. In addition, (—A ) M_1 
has the domain if y £ (1, 5/4), see [5], Page 401. □ 

Now for 1/3 < /3' < 1/2 we take 

7>1 — ff' K = "/ + p<l. 

That choice of 7 and n ensures that we can define (w w) as in [10] Theorem 1 
(see also Lemma 3 of that paper). In addition, we can ensure the assumptions of 
the global existence Theorem 18 since the above choice implies n + f¥ > 1. 

Let g be a four times differentiable function on O x R which is zero on {0,1} x R, 
such that all the corresponding derivatives (g itself included) are bounded. Define 


G{u){v)[x) = / g(x, u(y))v(y)dy for u, v £ V. 

Jo 

Following Kantorowitsch and Akilow E Section XVII.3 it is not hard to prove 
that G is three times continuously differentiable where the derivatives are given by 

DG(u){v,hi)[x] = / D 2 g(x,u)v(y)h 1 (y)dy, 

Jo 

D 2 G(u)(v,h 1 ,h 2 )[x\= / D 2 g{x,u)v(y)h 1 {y)h 2 (y)dy , 

Jo 

D 3 G(u)(v,hi,h 2 ,h 3 )[x]= / Dlg(x,u)v{y)h 1 (y)h 2 {y)h 3 {y)dy, 

Jo 

for v, hi, h 2 , h 3 £ V. For /1 £ (1,5/4) we obtain that G(u)(v), DG{u){v,h 1 ), 
D 2 G{u){v,h l ,h 2 ), D 3 G(u)(v, hi,h 2 , h 3 ) £ H 3 {0) n H£(0) C D((-A)^) C := 
D{{—A) p+K ) = D((— A) 2p+1 ) since with the choice we have done we have 2p + 7 £ 
(1,5/4). Let us check, for instance, that D 3 G{u){v,hi,h 2 ,h 3 ) £ £>((—A) M ) C V K . 
By the continuous embedding theorem we have that 


D 2 Di 9 (x,u(y) + h 3 (y))v(y)h 1 (y)h 2 {y) - D 2 D 1 g(x,u(y))v(y)h 1 (y)h 2 (y) 
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- D 2 D 2 D 1 g(x,u{y))v(y)h 1 (y)h 2 (y)h 3 (y)dy 


dx < c 


\u(y)h 1 (y)h 2 (y)\\h 3 (y)\ 2 dy 
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< c'lnlcl^ilcl^lcl^lc ^ c"|u| 2 |/ii| 2 |/i 2 | 2 |M 4 for k = 


where d is a uniform bound for \D 2 D\g(x,u)\ 2 \0\. This gives the differentiability 
of D 2 G(u ) in H 3 (0)AHl(O) and since G(u)(u)[x], • • • , D 3 G(u)(v , h\,h 2 , /i 3 )[a:] are 
zero for x £ {0,1} we have differentiability in D((—A ) M ) too. 

The Hilbert-Schmidt property of DG(u) follows by 

sup f (f \ D 2 D i 9 {x,u(y))X~ p e i (y)X~ p e j {y)dy] dx < c(^ X~ 2p ) 2 < 00 , 
1 , 2,3 JO \Jo ' i 

due to the boundedness of D 2 D\g and the uniform boundedness of (ej)jgN in 
Loo{G). In the same manner we obtain that the other derivatives are Hilbert- 
Schmidt operators. 

These estimates allow us to apply Theorem [18] to SEEs that have the above kernel 
integral diffusion operator. For a different example of diffusion we refer the reader 
to [TT] . 
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